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^ ' Abstract. We prove that the semigroup operation of a topological semigroup 
Q ' S extends to a continuous semigroup operation on its the Stone-Cech compact- 
ly^ ^ ification f3S provided 5" is a pseudocompact openly factorizable space, which 
' ' , means that each map / : S — » y to a second countable space Y can be written 
' as the composition / = g o p of an open map p : X ^ Z onto a second count- 
' able space Z and a map g : Z — > Y. We present a spectral characterization of 

openly factorizable spaces and establish some properties of such spaces. 

This paper was motivated by the problem of detecting topological semigroups 
(— I , that embed into compact topological semigroups. One of the ways to attack this 

problem is to find conditions on a topological semigroup S guaranteeing that the 
semigroup operation of S extends to a continuous semigroup operation on the 
I , ' Stone-Cech compactification f3S of S. A crucial step in this direction was made by 

E.Reznichenko [15j who proved that the semigroup operation on a pseudocompact 
^-H ■ topological semigroup S extends to a separately continuous semigroup operation 

I on f3S. In this paper we show that the extended operation on (3S is continuous if 

' the space S is separable and openly factorizable, which means that each continuous 

, map f : S —^ Y to a second countable space Y can be written as the composition 

' f = g o p oi an open continuous map p : X —^ Z onto a second countable space Z 

' , and a continuous map g : Z —^ Y. The class of openly factorizable spaces turned 

• to be interesting by its own so we devote Sections [U [3] to studying such spaces. 

OO , We recall that the Stone-Cech compactification of a Tychonov space X is a com- 

■ pact Hausdorff space PX containing X as a dense subspace so that each continuous 
^ map / : X — s- y to a compact Hausdorff space Y extends to a continuous map 

"O: f:PX^Y.^ 

rS , Replacing in this definition compact Hausdorff spaces by real complete spaces we 

■ obtain the definition of the Hewitt completion vX oi X. We recall that a topological 
space X is real complete if X is homeomorphic to a closed subspace of some power 

of the real line. Thus a Hewitt completion of a Tychonov space X is a real 
complete space vX containing X as a dense subspace so that each continuous map 
f : X ^ Y to a real complete space Y extends to a continuous map vf : vX Y. 
By [B] 3.11.16], the Hewitt completion vX can be identified with the subspace 



{x e /3X : G n X ^ for any G^-set G C PX with x e G} 



of the Stone-Cech compactification PX of X. 
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The Hewitt completion vX of a Tychonov space X coincides with its Stone-Cech 
compactification [3X if and only if the space X is pseudocompact in the sense that 
each continuous real-valued function on X is bounded, see §3.11]. On the other 
hand, if a Tychonov space Z is real complete, then vZ = Z, see [6l 3.11.12]. 

The problem of extending the group operation from a (para)topological group 
G to its Stone-Cech or Hewitt extensions have been considered in [15], [2], [Mj . 
[16j . In this paper we address a similar problem for topological semigroups. All 
topological spaces appearing in this paper are Tychonov. 

1. Semigroup compactifications of topological semigroups 

In this section we recall some information on semigroup compactifications of a 
given (semi)topological semigroup S. 

By a semitopological semigroup we understand a topological space S endowed 
with a separately continuous semigroup operation * : S x S S. If the operation 
is jointly continuous, then S is called a topological semigroup. 

Let C be a class of compact Hausdorff semitopological semigroups. By a C- 
compactification of a semitopological semigroup S we understand a pair (C{S),r]) 
consisting of a compact semitopological semigroup C{S) € C and a continuous 
homomorphism rj : S C{S) (called the canonic homomorphism) such that for 
each continuous homomorphism h : S —^ K to a, semitopological semigroup K Cz C 
there is a unique continuous homomorphism h : C{S) — > K such that h — h o rj. 
It follows that any two C-compactifications of S are topologically isomorphic. We 
shall be interested in C-compactifications for the following classes of semigroups: 

• WAP of compact semitopological semigroups; 

• AP of compact topological semigroups; 

• SAP of compact topological groups. 

The corresponding C-compactifications of a semitopological semigroup S will be 
denoted by WAP (5), AP(5), and SAP(S'). The notation came from the abbrevi- 
ations for weakly almost periodic, almost periodic, and strongly almost periodic 
function rings that determine those compactifications, see §111.2]. 

The inclusions of the classes SAP C AP C WAP induce canonical continuous 
homomorphisms 

ri:S^ WAP(S') ^ AP(S') ^ SAP(5) 

for each semitopological semigroup S. Since the space WAP(S') is compact, the 
canonical map ry : ~> WAP (5) uniquely extends to a continuous map f3r] : f3S 
WAP (5) defined on the Stone-Cech compactification of S. 

It should be mentioned that the canonic homomorphism rj : S WAP(S') needs 
not be injective. For example, for the group 7J+[0, 1] of orientation-preserving 
homeomorphisms of the interval the WAP-compactification is a singleton, see [12] . 
However, for pseudocompact semitopological semigroups the situation is more op- 
timistic. The following two results are due to E.Reznichenko [15]. They allow us 
to identify the WAP-compactification WAP (5*) of a (countably compact) pseudo- 
compact topological (semi) semigroup S with the Stone-Cech compactification pS 
of S. We recall that a topological space X is countably compact if each countable 
open cover of X has a finite subcover. 
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Theorem 1.1 (Reznichcnko). For any countably compact semitopological semi- 
group S the semigroup operation S x S S extends to a separately continu- 
ous semigroup operation f3S x pS —> f3S, which implies that the canonic map 
firj : (3S —>■ WAP(S') is a homeomorphism. 

The same conclusion holds for pseudocompact topological semigroups. 

Theorem 1.2 (Reznichenko) . For any pseudocompact topological semigroup S the 
semigroup operation S x S S extends to a separately continuous semigroup op- 
eration pS X pS pS , which implies that the canonic map Prj : pS —>■ WAP(S') is 
a homeomorphism. 

If a topological semigroup S has pseudocompact square, then its Stone-Cech 
compactification pS coincides with its AP-compactification. 

Theorem 1.3. For any topological semigroup S with pseudocompact square S x S 
the semigroup operation S x S ^ S extends to a continuous semigroup operation 
PS X pS pS, which implies that the canonic maps pS — > WAP (5*) AP(5') are 
homeomorphisms. 

Proof. By Theorem ll.2[ the semigroup operation ^ : S x S ^ S oi S extends 
to a separately continuous semigroup operation JI : pS x pS — > pS on pS. On 
the other hand, the operation fi : S x S S C pS extends to a continuous 
map P^Ji : P{S x S) ^ pS x pS. By the Glicksberg Theorem H 3.12.20(c)], the 
pseudocompactness of the square S x S implies that the Stone-Cech extension Pi : 
P{S X 5) — > pS X pS of the inclusion map i : SxS ^ pS x pS is a homeomorphism. 
Observe that the maps Pfx and jlopi coincide on the dense subset 5 x 5 of pS x pS. 
It is an easy exersice to check that those maps coincide everywhere, which implies 
that the map /I = o [pi)~^ is continuous. This means that pS is a compact 
topological semigroup and hence the canonic map Prj : pS — > AP(5) has continuous 
inverse. □ 

It should be mentioned that for a pseudocompact topological semigroup S the 
canonic map rj : S ^ AP(S') needs not be a topological embedding. The following 
counterexample is constructed in [3]. 

Example 1.4. // there is a Tkachenko-Tomita group, then there is a countably 
compact topological semigroup S for which the canonic homomorphism rj : S 
AP(S') is not injective. 

By a Tkachenko-Tomita group we understand a commutative torsion-free count- 
ably compact topological group without non-trivial convergent sequences. The first 
example of such a group was constructed by M.Tkachenko [2T] under the Contin- 
uum Hypothesis, which was later weakened to some forms of the Martin Axiom by 
A.Tomita et al. [22], [11], |7], [13]. We do not know if a Tkachenko-Tomita group 
exists in ZFC. 

Example 11.41 shows that one should impose rather strong restrictions on a topo- 
logical semigroup S to guarantee that the canonic homomorphism S — > AP(S') (or 
S SAP(S')) is an embedding. 

Observe that for every semitopological semigroup S its SAP-compactification 
SAP(S') is a compact topological group. It is well-known that a semitopological 
semigroup S is topologically isomorphic to a subgroup of a compact topological 
group if and if 5 is a totally bounded topological group. We recall that a topological 
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group G is called totally bounded if for every non-empty open subset U C G there 
is a finite subset F CG such that G = FU = UF. 

The following important result can be found in [17, III.3.3]. 

Theorem 1.5 (Ruppert). For each totally bounded topological group G the canonic 
homomorphisms WAP(G) AP(G) — » SAP(G) are homeomorphisms and the 
canonic map rj : G ^ SAP(G) is a topological embedding. 

The same conclusion holds for Tychonov pseudocompact topological semigroups 
that contain dense totally bounded topological subgroups. 

Theorem 1.6. If a pseudocompact topological semigroup S contains a totally bounded 
topological group H as a dense subgroup, then the canonic maps 

f3S WAP(S') ^ AP(S') ^ SAP(S') 

are homeomorphisms. 

Proof. The embedding H a S induces a continuous homomorphism h : WAP(_ff ) 
WAP(5'). We claim that this homomorphism is surjective. Indeed, by Theo- 
rem [T31 WAP(H) is a compact topological group, containing H as a. dense sub- 
group. By Theorem 11.21 the Stone-Cech compactification (3S of S can be identi- 
fied with the WAP-compactification WAP(S') of S. Then the image h{^NAP{H)) 
contains the dense subset H of (iS = WAP(S') and hence coincides with I3S 
being a compact dense subset of (38. The compact semitopological semigroup 
WAP (5), being a continuous homomorphic image of the compact topological group 
WAP(_ff), is a compact topological group. This implies that the canonic homomor- 
phism WAP (5) SAP(S') is a topological isomorphism. Consequently, the maps 
(iS WAP(5') kV{S) SAP(P) all are homeomorphisms. □ 

This theorem implies another one of the same spirit. 

Theorem 1.7. // a topological semigroup S contains a dense subgroup and has 
countably compact square SxS, then the canonic maps (38 — > WAP(S') — > AP(S') — > 
SAP(S') are homeomorphisms. 

Proof. Let H he & dense subgroup of S and let e be the idempotent of H . Let 

-ffe ~ {x E S : 3x^^ £ S with xx^^ — x~^x = e, xe = ex = x, x~^e — ex^^ — x^^} 

be the maximal subgroup of S containing the idempotent e. Our theorem will follow 
from Theorem 11.61 as soon as we check that He is a totally bounded topological 
group. For this observe that coincides with the projection of the closed subset 

A — {{x,y) £ S X S : xy — yx = e, xe = ex = x, ye — ey — y} 

of S X S onto the first factor. The countable compactness of S* x implies that 
of A and of its projection He. The paratopological group He, being a Tychonov 
countably compact paratopological group, is a totally bounded topological group 
according to [ISl 2.7]. □ 

Our final result concerns the AP-compactifications of pseudocompact openly fac- 
torizable topological semigroups. Those are pseudocompact topological semigroups 
whose topological spaces are openly factorizable. 

We define a topological space X to be openly factorizable if for each continuous 
map / : A" y to a second countable space Y there are a continuous open map 
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p : X ^ Z onto a second countable space Z and a continuous map g : Z ^ Y such 
that f — g op. Openly factorizable spaces will be studied in details in the next two 
sections. Now we present our main extension result for which we need the notion 
of a weakly Lindelof space. 

We call a topological space X weakly Lindelof if each open cover U oi X contains 
a countable subcoUection V <Z U whose union UV is dense va X. It is clear that 
the class of weakly Lindelof spaces includes all Lindelof spaces and all countably 
cellular (in particular, all separable) spaces. 

Theorem 1.8. For any openly factorizable topological semigroup S having weakly 
Lindelof square S x S , the semigroup operation S X S ^ S extends to a continuous 
semigroup operation vS x vX — > vS defined on the Hewitt completion vS of S . 

Proof. By Theorem 13.31 below the semigroup operation fi : S x S S extends to 
a continuous map fl : vS x vS — > vS thought as a continuous binary operation on 
vS. This operation is associative on S and by the continuity remains associative 
on vS. □ 

This theorem implies another one: 

Theorem 1.9. For each pseudocompact openly factorizable topological semigroup 
S with weakly Lindelof square the canonic maps f3S — ^ WAP(S') — ^ AP(S') are 
homeomorphisms. 

Proof. By Theorem II. 8| the semigroup operation fj. : S x S ^ S extends to a 
continuous semigroup operation p, : vS x vS — > vS turning the Hewitt completion 
vS of S into a topological semigroup that contains 5* as a dense subsemigroup. 
Since the space S is pseudocompact, its Hewitt completion coincides with its Stone- 
Cech compactification f3S [6l §3.11]. Consequently, f3S is a compact topological 
semigroup, which implies that the canonic map Prj : (3S AP{S) has a continuous 
inverse and consequently, the maps 

/3S WAP(S') ^ AP(S') 

are homeomorphisms. □ 

2. Some elementary properties of openly factorizable spaces 

In this section we establish some elementary properties of openly factorizable 
spaces. First we prove a helpful lemma. 

Lemma 2.1. Letp : X Z be a map from a Tychonov space to a second countable 
space and let vp : vX —> Z be its continuous extension to the Hewitt completion of 
X . The map vp is surjective (open) if and only if so is the map p. 

Proof. Endow the second countable space Z with a metric generating the topology 
of Z. 

If the map p is surjective, then vp is surjective too because 

Z = p{X) C vp{vX) C Z. 

Now assume conversely that the map vp is surjective but p is not. Then we can 
find a point zq Z \p{X) and consider the continuous function / : vX —>■ [0, +oo), 
f : X ^ dist{p{x), zo). It follows from zq ^ p{X) that f{X) C (0, +oo). The 
function f\X : X ^ {0, +oo) has a unique continuous extension / : vX (0, oo). 
Since / also extends f\X, we get f = f and hence f{vX) — f{vX) C (0, oo) which 
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is not possible because f{xo) — for any point xq £ p ^(^o)- Hence the map 
p\X : X ^ Z is surjective. 

Now assume that the map p is open. To show that the map vp is open, take 
any open subset U C vX. We claim that vp{U) = p{U fl X). In the opposite 
case, we can find a point y G vp{U) \p{U fl X). Choose any point xq E U with 
^^^(2^0) = y and find a continuous function g : vX ~* [0,1] such that .g^^(O) is 
a neighborhood of xq and g~^[0,l) C U. Consider the continuous function / : 
vX [0, 00) defined by f{x) — g{x) + dist{vp{x) , y) and note that /(xq) = while 
f{x) e (0, 1] for all X E X. Indeed, if x G X n C/, then f{x) > dist{p{x),y) > 
because y ^ p(U n X). li x e X \ U, then f{x) > g{x) = 1 > 0. Since vX 
is a Hewitt completion of X, the function f\X : X (0,+oo) admits a unique 
continuous extension / : vX — > (0, +00). Since X is dense in vX, we get f ~ f 
and thus = /{xq) = /(xq) G (0, 00). This is a contradiction showing that the set 
vp{U) — p{U n X) is open and hence the map vp is open. 

Now assume that the map vp is open. To show that p is open, fix any non- 
empty open set U C X and find an open set V C vX such that U = V Ci X. 
To prove that the image p{U) is open, take any point yo G p{U) and find a point 
xq E U with p{xo) = yo. Since the space vX is Tychonov, there is a continuous 
function / : vX [0, 1] such that W = /~^(0) is a neighborhood of xq in vX while 
/^^[0, 1) C V. Since the map vp is open, the image vp{W) is an open neighborhood 
of yo in Z. Wc claim that vp{W) C p{V D X) = p{U). Assume conversely that 
there is a point y G vp{W) \ p{U) and consider the continuous function 

g :vX ^ [0, 00), g{x) i-^ f{x) + dist(p(a;), y). 

It follows that g{X) C (0, 00) and hence g{vX) C (0, 00) too. On the other hand, 
for any point x E W with p{x) = y we get g{x) — 0, which is a contradiction 
showing that p is open. □ 

Proposition 2.2. The Hewitt completion vX of a Tychonov space X is openly 
factorizable if and only if so is the space X . 

Proof. Assume that a Tychonov space X is openly factorizable. To show that 
the Hewitt completion vX is openly factorizable, take any continuous map / : 
vX ^ F to a second countable space Y. Since X is openly factorizable, there 
are an open surjective continuous map p : X Z to a second countable space Z 
and a continuous map g : Z ^ Y such that f\X — g o p. The space Z, being 
second countable, is real complete [6l 3.11.12]. Consequently, the map p admits a 
continuous extension vp : vX Z . It follows that f = g o vp. By Lemma [2Tl the 
map vp is open and surjective, witnessing that vX is openly factorizable. 

Now assume that vX is openly factorizable. To show that X is openly fac- 
torizable, take any continuous function f : X ^ Y to a. second countable space 
Y. Since Y is real complete [SJ 3.11.12], the map / extends to a continuous map 
vf : vX — > Y . Since vX is openly factorizable, there are an open surjective con- 
tinuous map p : vX Z to a second countable space Z and a continuous map 
g : Z ^ Y such that f — g op. Then f\X = g o p\X and the map p\X : X —> Z is 
open and surjective by Lemma l2. II □ 

Proposition 2.3. The Stonc-Cech compactification j3X of a Tychonov space X is 
openly factorizable if and only if X is pseudocompact and openly factorizable. 
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Proof. If X is pseudocompact and openly factorizablc, then the Hewitt completion 
vX is openly factorizable by Proposition l2.2l Since X is pseudocompact, its Hewitt 
completion coincides with the Stone-Cech compactification PX . So, PX is openly 
factorizable. 

Now assume conversely that PX is openly factorizable. We claim that X is pseu- 
docompact. If the opposite case, we could find a continuous unbounded function 
f : X ^ [0, oo). Let f3f : f3X [0, oo] be the Stone-Cech extension of the map / 
to the one-point compactification of the half- line [0, oo). Since /3X is openly factor- 
izable, there are a continuous open surjective map p : (3X — > Z onto a metrizable 
compact space Z and a continuous map g : Z ^ [0, oo] such that f = g o p. 

Since the function / is unbounded, we can choose a sequence {xn}n£u C X such 
that the sequence {f{xn)}neu! C [0, oo) is strictly increasing and unbounded. Pass- 
ing to a subsequence, if necessary, we can assume that the sequence {p{xn)}neuj C Z 
converges to some point G Z. It follows from f = gop that g{zao) = oo and the 
points Zoo, p{xn), n uj, all are distinct. So each point p(a;„) has a neighborhood 
Un C Z \ {zoo} such that the family {J7„ : n G w} is disjoint. Moreover, we can 
assume that the sequence (C/„) converges to z^c in the sense that each neighborhood 
0(2:00) contains all but finitely many sets J7„. Since the sequence {/'(^n)]'nGaj is 
closed and discrete in [0, 00), to each point ,f{xn) we can assign an open neighbor- 
hood Vn C [0, 00) such that the family {Vn : n G a;} is discrete in [0, 00) (in the 
sense that each point has a neighborhood that meets at most one set Vn). Now for 
every n G ui consider the open neighborhood Wn = f~^{Vn) np~^{Un) of the point 
Xn in X. Since the family {Vn}neu> is discrete in [0,oo), the family {W„}„ga) is 
discrete in X. Let x^o G PX be any accumulation point of the sequence {x2n}nGuj- 

Since the space X is Tychonov and {Vl/2n}neij is discrete, we can construct a 
continuous function (p : X ^ [0,1] such that 

dp ^{1) dp ^(0, 1] C y W2n- 

Let Pip : PX — > [0, 1] be the Stone-Cech extension of ip. It follows from the continu- 
ity of that /^(/^(Soo) = 1- Then the set I^ = {Pip)-'^{\,1] is an open neighborhood 
of Xoo in pX with 

wr\XcWr\Xc p-\il2,i] c |J W2n. 

It follows that p{W n X) cV where V — IJnew ^2n and consequently, 

p{w) c p{W) = p{w n X) c p{wnx) c v. 

Since V C X \ {J^eiu ^2n+i and V2n+i z^q, the set V contains no neighborhood 
of the point z^o — p{xoo)- Consequently, the set p{W) cannot be open. This 
contradiction completes the proof of the pseudocompactness of X. 

In this case the Stone-Cech compactification pX coincides with the Hewitt com- 
pletion vX of X. Applying Proposition 12. 2[ we conclude that X is openly factor- 
izable. □ 

3. Spectral characterization of openly factorizable spaces 

In this section we shall present a spectral characterization of openly factorizable 
topological spaces. First we remind some information related to inverse spectra, 
see [3 §3.1] and [H §2.5]. 
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A partially ordered set <) is called 

• directed if for every a,b & A there exists c ^ A with c > a, c > 6; 

• Lo- directed if for any countable subset C G A has an upper bound in A 
(which a point a € A such that a > c for every c G C) ; 

• uj- complete if A each countable subset C C A has the smallest upper bound 
sup C in A. 

For example, the ordinal lui endowed with the natural order is a well-ordered uj- 
complete set. 

By a spectrum over a directed set {A, <) we understand a collection S = 
{XqjTt^, A} consisting of Tychonov spaces Xa, a £ A, and continuous surjective 
maps 7r2 : Xa for a < 7 from A such that T^a — ° foi' every elements 

a < /3 < 7 of A. Let 

lim5 = {{xa)aeA e YlXa:Va,l3eA a < (3 ^ Xa ^ ^rf C J| X„ 

aeA aeA 

denote the limit space of the spectrum S. 

For a directed subset B of A by S\B we denote the subspectrum S\B = {Xq, tt^, S} 
of S, consisting of the spaces Xa and the projections tt^ for which a,^ ^ B. Given 
a collection {/„ : X Xa}a£A of maps from a space X into the spaces of the 
spectrum <S such that tt^ o /-y = for every a < 7 in A by lim fa X ^ lim .S we 
denote the induced map into the limit space of S. 

A spectrum S = [Xa^ tt^, A} is defined to be 

• continuous if for every chain B C A having supremum /3 = sup B the map 
limQgs TT^ : Xfj — > limiS|_B is a homcomorphism; 

• open if the projections tt^ : X-y Xa are open and surjective for all a < 7 
in A; 

• Lu-directed (resp. Lo-complete) provided so is its index set A] 

• a u-spectrum if it is cj-directed and each space Xa, a G A, is second count- 
able; 

• factorizable if every continuous map / : liniiS K. can be written as 
f — fa ° T^a for some a G A and some continuous map fa : Xa — > R- 

According to [3 3.1.5] a continuous w-complete spectrum S with surjective bond- 
ing maps is factorizable if and only if every bounded continuous map / : lim <S ^ M 
can be written as / = /q o ttq for some a € A and some bounded continuous map 
fa : Xa — > K- By another result of [3 3.1.7] a continuous w-complete open spec- 
trum S = {XajTr"^, A} is factorizable provided the limit space lim 5 is countably 
cellular (that is contains no uncountable family of disjoint open sets). 

In fact, the proof of Proposition 3.1.7 of [5j can be modified to get the following 
more general statement, cf. 4, 3.2]. 

Proposition 3.1. Suppose S — {Xa,T^aT ^} ^ Lu-spectrum and X C limiS is a 

weakly Lindelof subspace of its limit such that the restrictions T:a\X : X ^ Xa, 
a £ A, of the limit projections is open and surjective. Then every map f : X ^ Y 
to a second countable space Y can be written as f — fa° 'i^a\X for some a £ A 
and some map fa '■ Xa —>■ Y. In particular, X is C -embedded into lim 5 and hence 
limiS is a Hewitt completion of X . 

We recall that a subspace X of a topological space Y is C- embedded in Y if each 
continuous functions / : X — > M extends to a continuous function / : F — > M. 
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The following theorem gives a spectral characterization of openly factorizable 
spaces. 

Theorem 3.2. A (weakly Lindeldf) topological space X is openly factorizable (if 
and) only if X is a dense subspace of the limit space liniiS of an open uj-spectrum 
S = {XQ,,7r2, A} such that for every a £ A the restriction TrdX : X — > X^ of the 
limit projection is open and surjective. 

Proof. The "if" part follows immediately from Proposition l3.ll To prove the "only 
if" part, assume that a Tychonov space X is openly factorizable. Let A' be a 
set of all open continuous surjective maps a : X ^ Xa with Xa C M". The 
set A is partially preordered by the relation: a < 7 if there is a continuous map 
7r2 : Xj —> Xa such that a = tt^ 07. This map tt^ is necessarily open and surjective 
because the map a is open and surjective while 7 is continuous. Also the map tt^ 
is uniquely determined, which implies that ttJ o = tt^ for any a < /3 < 7 in A' . 
This means that the relation < on A' is transitive. The preorder < induces the 
equivalence relation ^ on A': a = 7 if a < 7 and 7 < a. Let A he a subset of A' 
intersecting each equivalence class in a single point. Then A becomes a partially 
ordered set with respect to the order <. 

Let us show that the set {A, <) is w-directed. Given a countable subset C C A 
consider the diagonal product / — A^gc'7 : X Yi-yec -^y Taking into ac- 
count that n7GC -^1 second countable and X is openly factorizable, find an 
open surjective map a : X —> Xa onto a second countable space Xa and a con- 
tinuous map g : Xa — ^ Il-yec -^i such that g o a — f. We can assume that 
Xa C and thus a € A' . Moreover, we can replace a by an equivalent map 
and assume that a & A. Let us show that a > P for each /3 e C. Consider the 
projection pr^ : n7ec"^7 ~^ ^'^'^ observe that the equality g o a — f implies 
(pr^ o g) o a = pr^ o / = /3, which means that a> (3. 

Now we see that S = {Xa, tt^. A} is an open w-spectrum. Let tTq, : limiS — > Xa, 
a € A, he the limit projections of this spectrum. The open surjective maps a ^ A 
determine a map 

A : X ^ lim5, A : x t-^ ia{x))a^A 
such that Pa o A — a for every a A. The surjectivity of the maps a d A imply 
that the map A : X ^ \imS has dense image A{X) C lim5. Let us show that A 
is a topological embedding. Given a point x X and an open set 0{x) C X we 
should find an open set U C lim5 such that A{x) € U n A{X) C A{0{x)). Since 
X is Tychonov, there is a map / : X — > [0,1] such that x G /^^(0, 1] C 0{x). 
The choice of the set A guarantees that there is a map a : X ^ Xa in A and a 
continuous map g : Xa (0, 1] such that g o a = f. Then the set V ~ g^^{0, 1] is 
open in Xa and hence U = Pa^{V) is open in limiS. It is easy to check that this 
set U has the required property: A{x) e U Ci A{X) C A{0{x)). □ 

We apply the spectral characterization of openly factorizable spaces to derive 
the following main result of this paper. 

Theorem 3.3. Let X, Y be two openly factorizable spaces. If the product X x Y 
is weakly Lindeldf, then 

(1) the product X x Y is openly factorizable; 

(2) each continuous map f : X x Y —> Z to a Tychonov space Z extends to a 
continuous map f : vX x vY —>■ vZ . 
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Proof. By Theorem [321 -'^^ is a dense subspace of the hmit space hm5x of an open 
(jj-spectrum Sx = {XajT^aj ^} such that the restrictions TTa\X : X Xa, a ^ A, 
of the hmit projections are open and surjective. By Proposition l3.1[ the hmit space 
hmiSjf is a Hewitt completion of X . 

By the same reason, the Hewitt completion vY of Y can be identified with 
the limit space limiSy of an open cj-spectrum Sy = {YonPZ: B} such that the 
restrictions Pa\Y : Y Ya, a G -B, of the limit projections are open and surjective. 

On the product Ax B consider the partial order: (a, /?) < (a', j3') if a < a' and 
(3 < f3' ■ It is easy to see that the partially order set A x B is cj-directed. It follows 
that X xY is & subspace of the limit space lim Sx x lim Sy of the open w-spectrum 

S = {X^xYp,TrZxp^f,,AxB} 

such that for every {a, (3) € A x B the restriction iTa x : X x Y ^ Xa x 1^ is 
open and surjective. Since the product X x Y is weakly Lindelof, we may apply 
Proposition 13.11 and Theorem 13.21 and conclude that the product X x Y is openly 
factorizable and lim5x x lim5y = vX x vY is a Hewitt completion oi X xY. 

Now take any continuous map f : X x Y Z to a second countable space Z . 
By Proposition 13. 11 there is an index (a,/5) (z Ax B and a continuous map f{a,p) ■ 
XaXYp^ Z such that / = o (tt^ x Pi3)\X x Y. Then / = f^^jj) ° (tTq x pp) is 

a continuous extension of the map / onto the product limiSjsf x limiSy = vX x vY . 

Finally take any continuous map f : X x Y ^ Z to any Tychonov space Z. 
Identify the Hewitt completion vZ of Z with a closed subspace of R'' for a suitable 
cardinal k. The preceding case insures that the map / extends to a continuous map 
f -.vX xvY ^W. It follows that 

f{vX X vY) = f{X X Y) C J{XX) C Z = C M''. 

So / is a continuous map into vZ . □ 

4. Some comments and open problems 

In this section we discuss the relation of the class of openly factorizable compact 
spaces to other known classes of compact spaces and pose some open problems. 
The survey [18| provided the necessary information on various classes of compact 
spaces. 

We recall that a compact space X is called 

• Dugundji compact if for each embedding X Y to another compact space 
Y there is a linear positive norm one operator u : C{X) C{Y) extending 
continuous functions from X to Y] 

• AE( 0) -space if each continuous map f : B X defined on a closed subspace 
i? of a zero-dimensional compact space A can extended to a continuous map 
f-.A-^X- 

• openly generated if X is homeomorphic to the limit lim S of an open con- 
tinuous w-complete w-spectrum S = {Xa,p1„ A\; 

• dyadic compact if X is a continuous image of the Cantor cube {0, l}*^ for 
some cardinal k; 

• K-adic if X is a continuous image of some K-metrizable compact space; 

• K-metrizable if X admits a K-metric. 
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We recall that a n-metric on X is a function assigning to each point x ^ X and 
a regular closed set F d X & non-negative number p{x, F) so that the following 
axioms hold: 

(1) p(x, F) = if and only li x € F; 

(2) p{x, F) > p{x, F') for any regular closed sets F <Z F' oi X 

(3) for any regular closed set F the function F) : x ^ p{x, F) is continuous 
with respect to the first argument; 

(4) for any point x £ X and a linearly ordered family J- of regular closed 
subsets of X, we get p(x,UJ-) ~ mlpi^jr p(^x, F). 

By the classical result of Haydon [9j, the classes of Dugundji and AE(0)-compacta 
coincide. By |19| . the classes of openly generated and K-metrizable compacta coin- 
cide. It is well-known that each compact topological group is Dugundji compact. 
Each Dugundji compact is openly generated and each openly generated compact 
space of weight < Ki is Dugundji [19 . Each K-adic compact space has countable 
cellularity [19]. The hyperspace exp({0, 1}^^) is openly generated but not Dugundji. 

The spectral characterization of openly factorizable spaces from Theorem l3.2l im- 
plies that each openly generated compact space is openly factorizable. The simplest 
example of an openly factorizable compact space which is not openly generated is 
the ordinal space [OjIjJi]. It is not openly generated because has uncountable cellu- 
larity. By the same reason, [0, lui] is not K-adic. 

Thus we have the following chain of implications: 



dyadic =J> K-adic 
it "ft 

compact j-j^ und'i o nl o enl 

topoloffical ugun ji ^ AE(0)-compact K-metrizable <^ open y _^ open y 

compact ^ ' generated lactonzable 

group ° 



Let us observe that the classes of openly generated and openly factorizable com- 
pact spaces are preserved by open normal functors in the sense of Shchepin [19j . 
see also 20 . This allows us to construct many openly factorizable compacta failing 
to be Dugundji compact. 

There is another chain of important classes of compact spaces, that is "orthog- 
onal" to the chain of classes considered above. 

We recall that a compact space X of weight k is 

(1) Corson compact if X embeds into the E-product of lines 

S ^ {(xa) e : \{a e K : Xo. ^ 0}| < Hq} C R^; 

(2) Eberlein compact if X embeds into the subspace 

So = {{xa) e : Ve > |{a G K : \xa\ < e}\ < Nq} C M'^; 

(3) Valdivia compact if X embeds into M.'^ so that X n S is dense in X. 
Those properties relate as follows: 

Eberlein compact Corson compact =^ Valdivia compact. 

Each Eberlein compact with countable cellularity is metrizable [1] . So the classes 
of Eberlien compacta and K-adic compacta intersect by the class of metrizable 
compacta. 
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Problem 4.1. Is each openly factorizable Eberlein (or Corson) compact space 
metrizahle? 

The openly factorizable space [0, wi] is known to be Valdivia compact while 
[0,cj2] is not Valdivia [10]. 

Problem 4.2. Is each ordinal space [0, A] openly factorizable for each ordinal X? 

The ordinals segments are examples of both scattered and linearly ordered com- 
pacta. We recall that a topological space X is scattered if each subspace of X has 
an isolated point. Scattered spaces need not be openly factorizable. The simplest 
example is the one-point compactification aKi of a discrete space of cardinality Ki. 
This space is Eberlein compact but not linearly ordered. 

The simplest example of a linearly orderable scattered compact space that fails 
to be openly factorizable is the bouquet of the spaces [OjCJi] and [0,a;] with points 
LOi and LJ glued together. 

Problem 4.3. Characterize openly factorizable spaces in the class of scattered 
(compact) spaces; in the class of linearly ordered (compact) spaces. 
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